
6 EPEC
 Name

 Learning objectives

• Differentiate simultaneous and sequential games and the mathematical tools to solve them

• Explain the differences between SLSF, SLMF, MLSF and MLMF games and the mathematical
tools to solve them

• Formulate equilibrium problems with equilibrium constraints (EPEC)

• Explain the different methods to solved EPECs and their features

• Solve EPECs using the diagonalization method with GAMS

• Explain the difference between open-loop and closed-loop problems
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 Example 6-1: Simultaneous versus sequential games with perfect information

Let us have a strategic game with two players, each of them with to available actions. The payoff
matrix of this game is provided below.

A1

L R

A2

T (0,0) (1,2)

B (2,1) (3,1)

What is the Nash equilibrium of this game? What would be the output of this game if player 1
decides first and then player two reacts if we assume perfect information?

 Sequential games

A sequential game is one in which players make decisions (or select a strategy) following a certain
predefined order, and in which at least some players can observe the moves of players who preceded
them. If no players observe the moves of previous players, then the game is simultaneous. If every
player observes the moves of every other player who has gone before her, the game is one of perfect
information. If some (but not all) players observe prior moves, while others move simultaneously, the
game is one of imperfect information. Sequential games are represented by game trees (the extensive
form) and solved using backward induction, or subgame perfect equilibrium.

1

2

(0, 0)

T

(2, 1)

B

L

2

(1, 2)

T

(3, 1)

B

R

 Subgame Perfect Nash Equilibrium

A subgame perfect Nash equilibrium is an equilibrium such that players’ strategies constitute a
Nash equilibrium in every subgame of the original game. It may be found by backward induction,
an iterative process for solving finite extensive form or sequential games. First, one determines the
optimal strategy of the player who makes the last move of the game. Then, the optimal action of
the next-to-last moving player is determined taking the last player’s action as given. The process
continues in this way backwards in time until all players’ actions have been determined.
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 Single-leader-single-follower game

A single-leader-single-follower (SLSF) game is stated as a bilevel optimization problem. The leader’s
problem is at the upper level, where the leader chooses a decision vector, x, first. After the leader has
made their decision, the follower chooses their decision vector, y, solving the lower-level optimization
problem (see illustration below). Single-leader-single-follower games are also known as Stackelberg
games.

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

An example of a SLSF game is for example an investor deciding the optimal capacity of a generating
unit to maximize its profit subject to an economic dispatch problems that determines dispatch
quantities, flows and prices to maximize the social welfare.
As we discussed in the previous block, a Stackelberg game can be formulated as a bilevel programming
problem as follows

min
x

F0(x, y)

s.t. F (x, y) ≤ 0

H(x, y) = 0

min
y

f0(x, y)

s.t. f(x, y) ≤ 0 : λ

h(x, y) = 0 : ν

Under convexity assumption for the lower-level problem, we can replace it by its KKT conditions to
formulate the following MPEC problem

min
x,y,λ,ν

F0(x, y)

s.t. F (x, y) ≤ 0

H(x, y) = 0

h(x, y) = 0

∇yf0(x, y) + λTJyf(x, y) + νTJyh(x, y) = 0

0 ≤ λ ⊥ −f(x, y) ≥ 0

where Jy denote the Jacobian with respect to variables y.
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 Single-Leader-Multiple-Follower Games

A single-leader-multiple-follower (SLMF)) game is a Stackelberg problem extension with multiple
followers, where the followers are competing among themselves. In this game a single leader makes
their optimal decision, x, prior to the decision of multiple followers, who are competing among
themselves. Given the optimal decision of the leader, x∗, each follower makes her optimal decision,
y∗j , taking into account their competitors’ optimal decisions, y∗−j.

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

One example of SLMF game is a problem in which transmission investment is decided in the upper-
level problem by a network planner, and each of the followers is a power producer determining its
optimal generation capacity.
A SLMF game with m followers can be formulated in a generic form as follows

min
x

F0(x, y1, . . . , ym)

s.t. F (x, y1, . . . , ym) ≤ 0

H(x, y1, . . . , ym) = 0minyj f j
0 (x, yj, y−j)

s.t. f j(x, yj, y−j) ≤ 0 : λj

hj(x, yj, y−j) = 0 : νj

 ∀j = 1, . . . ,m

Under the assumption that each lower-level problem is convex and satisfies the Slater condition, we
can replace each of them by its corresponding KKT conditions and formulate the following MPEC
problem

min
x,y1,...,ym

λ1,...,λm,ν1,...,νm

F0(x, y1, . . . , ym)

s.t. F (x, y1, . . . , ym) ≤ 0

H(x, y1, . . . , ym) = 0

hj(x, yj, y−j) = 0, ∀j = 1, . . . ,m

∇yjf
j
0 (x, yj, y−j) + λT

j Jyjf
j(x, yj, y−j) + νT

j Jyjh
j(x, yj, y−j) = 0, ∀j = 1, . . . ,m

0 ≤ λj ⊥ −f j(x, yj, y−j) ≥ 0, ∀j = 1, . . . ,m

©salvapineda 6-4



 Multiple-Leader-Single-Follower Games

A multiple-leader-single-follower (MLSF) game is a case when several players (leaders) anticipate
simultaneously the decisions of a single player (follower). Because all the leaders make decisions at
the same stage, the upper-level problem is defined as a Nash equilibrium of the leaders. Because
all leader’s problems depend on the competitors’ decisions, the set of the n problems is coupled and
complicates the resolution of this problem. EPEC techniques can be applied to solve this kind of
problem.

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

A MLSF game could be, for example, if we have a lot of investors determining optimal generation
capacities to maximize their profits subject to an economic dispatch that determines production
quantities, flows and prices to maximize the social welfare.
A MLSF with n leaders can be formulated as the following equilibrium problem

minxk
F k
0 (xk, x−k, y

k)
s.t. F k(xk, x−k, y

k) ≤ 0
Hk(xk, x−k, y

k) = 0
minyk f0(x1, . . . , xn, y

k)
s.t. f(x1, . . . , xn, y

k) ≤ 0 : λk

h(x1, . . . , xn, y
k) = 0 : νk


∀k = 1, . . . , n

in which lower-level variables are different for each leader k. This is so because each leader can have
a different estimation of how the follower would react. Note also that if the optimal decision of the
follower is a singleton for each combination of decision variables of the leader, then the lower level
variables yk would be the same for all leaders.
If the lower-level is convex and satisfies the Slater condition for any decisions of the leaders, then we
can replace it by its KKT condition as follows

minxk,yk,λk,νk F k
0 (xk, x−k, y

k)
s.t. F k(xk, x−k, y

k) ≤ 0
Hk(xk, x−k, y

k) = 0
h(x1, . . . , xn, y

k) = 0
∇ykf0(xk, x−k, y

k) + λkTJykf(xk, x−k, y
k)+

+νkTJykh(xk, x−k, y
k) = 0

0 ≤ λk ⊥ −f(xk, x−k, y
k) ≥ 0


∀k = 1, . . . , n

This is an EPEC problem since it is an equilibrium among players, and each of them determines the
optimal strategy by solving an MPEC problem.
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 Multiple-Leader-Multiple-Follower Games

A multiple-leader-multiple-follower (MLMF) game is the most general instance of a bilevel game
where several leaders competing among themselves have to make decisions in the first stage prior to
the decisions of a set of followers competing among themselves in the second stage. The multiple-
leader-multiple-follower problem is given by a set of MPEC problems, one for each leader, which is
known as Equilibrium Problem with Equilibrium Constraints (EPEC).

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

A MLMF game can be, for example, a generation expansion problem with Cournot power producers.
The leaders would be all the investors determining the optimal capacity expansion decisions to
maximize the profit. Each leader decision would affect the decision of the corresponding follower,
represented as a power producer who has to determine the optimal production decisions to maximize
the profit. Note that the prices and quantities are determined by solving the equilibrium of the
followers.
A generic MLMF game with n leaders and m follower can be formulated as the following equilibrium
problem 

minxk
F k
0 (xk, x−k, y1, . . . , ym)

s.t. F k(xk, x−k, y1, . . . , ym) ≤ 0
Hk(xk, x−k, y1, . . . , ym) = 0

minykj
f j
0 (xk, x−k, y

k
j , y

k
−j)

s.t. f j(xk, x−k, y
k
j , y

k
−j) ≤ 0 : λk

j

hj(xk, x−k, y
k
j , y

k
−j) = 0 : νk

j

 ∀j = 1, . . . ,m


∀k = 1, . . . , n

Assuming that all lower-level problems are convex and satisfy the Slater condition for any combina-
tion of leaders’ decisions, they can be replace by their KKT conditions and we obtain the following
EPEC

min xk,y
k
1 ,...,y

k
m

λk
1 ,...,λ

k
m,νk1 ,...,ν

k
m

F k
0 (xk, x−k, y

k
1 , . . . , y

k
m)

s.t. F k(xk, x−k, y
k
1 , . . . , y

k
m) ≤ 0

Hk(xk, x−k, y
k
1 , . . . , y

k
m) = 0

hj(xk, x−k, y
k
j , y

k
−j) = 0, ∀j = 1, . . . ,m

∇ykj
f j
0 (xk, x−k, y

k
j , y

k
−j) + λkT

j Jykj
f j(xk, x−k, y

k
j , y

k
−j)+

+νkT
j Jykj

hj(xk, x−k, y
k
j , y

k
−j) = 0, ∀j = 1, . . . ,m

0 ≤ λk
j ⊥ −f j(xk, x−k, y

k
j , y

k
−j) ≥ 0, ∀j = 1, . . . ,m


∀k = 1, . . . , n
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 Formulation of EPEC

Since practical applications of EPEC models often arise from MLSF or MLMF games, we consider
the EPEC as the equilibrium of players that determine decisions solving an MPEC. This is illustrated
in the figure below

Figure taken from Ruiz, C. “Strategic offering and equilibria in electricity markets with stepwise supply functions”, PhD dissertation, 2012.

An EPEC with n leaders can be generally formulated as follows
minxk,yk fk

0 (xk, x−k, y
k)

s.t. fk(xk, x−k, y
k) ≤ 0

hk(xk, x−k, y
k) = 0

0 ≤ F k(xk, x−k, y
k) ⊥ Hk(xk, x−k, y

k) ≥ 0

 ∀k = 1, . . . , n

where xk are the decisions variables of leader k, x−k is the decision set of all leaders different from k,
and yk is the estimation of the followers’ decisions made by leader k. We can also write each MPEC
as a conventional optimization problem follows

minxk,yk fk
0 (xk, x−k, y

k)
s.t. fk(xk, x−k, y

k) ≤ 0 (λk)
hk(xk, x−k, y

k) = 0 (νk)
−F k(xk, x−k, y

k) ≤ 0 (µk)
−Hk(xk, x−k, y

k) ≤ 0 (γk)
F k(xk, x−k, y

k) ◦Hk(xk, x−k, y
k) = 0 (ϕk)


∀k = 1, . . . , n

where ◦ denote the Schur product of two vector or matrices.
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 Methods to solve EPEC (I)

EPEC can be solved with off-the-shelf optimization software using different methods. In this course
we present four of the most commonly used methods to solve EPEC problems:

1. Formulate the EPEC as a complementarity problem. This method replaces each MPEC by its
KKT conditions as follows:

∇xk
fk
0 + λT

k Jxk
fk + νT

k Jxk
hk − µT

k Jxk
F k − γT

k Jxk
Hk + F k ◦ ϕT

k Jxk
Hk +Hk ◦ ϕT

k Jxk
F k = 0

∇ykf
k
0 + λT

k Jykf
k + νT

k Jykh
k − µT

k JykF
k − γT

k JykH
k + F k ◦ ϕT

k JykH
k +Hk ◦ ϕT

k JykF
k = 0

0 ≤ λk ⊥ −fk(xk, x−k, y
k) ≥ 0

hk(xk, x−k, y) = 0

0 ≤ µk ⊥ F k(xk, x−k, y) ≥ 0

0 ≤ γk ⊥ Hk(xk, x−k, y) ≥ 0

F k(xk, x−k, y) ◦Hk(xk, x−k, y) = 0


∀k

2. Sequential non-linear complementarity problems
In the previous chapter we saw how to regularize MPECs so that the KKT conditions are,
at least, necessary for optimality. Following the same procedure here, we replace the equality
constraint F k(xk, x−k, y) ◦Hk(xk, x−k, y) = 0 by F k(xk, x−k, y)

THk(xk, x−k, y) ≤ t, with t > 0.
The procedure is as follows:

Step 1) Set t← 109

Step 2) Solve the following mixed non-linear complementarity problem

∇xk
fk
0 + λT

k Jxk
fk + νT

k Jxk
hk − µT

k Jxk
F k − γT

k Jxk
Hk + F k ◦ ϕT

k Jxk
Hk +Hk ◦ ϕT

k Jxk
F k = 0

∇ykf
k
0 + λT

k Jykf
k + νT

k Jykh
k − µT

k JykF
k − γT

k JykH
k + F k ◦ ϕT

k JykH
k +Hk ◦ ϕT

k JykF
k = 0

0 ≤ λk ⊥ −fk(xk, x−k, y
k) ≥ 0

hk(xk, x−k, y) = 0

0 ≤ µk ⊥ F k(xk, x−k, y) ≥ 0

0 ≤ γk ⊥ Hk(xk, x−k, y) ≥ 0

0 ≤ ϕk ⊥
(
t− F k(xk, x−k, y)

THk(xk, x−k, y)
)
≥ 0


∀k

Step 3) Set t← t/10

Step 4) If t is lower than tolerance, stop. Otherwise, go so Step 2).

Note that with method 1 the dual variable ϕk is a vector, while with method 2 the dual variable
ϕk is just a scalar.
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 Methods to solve EPEC (II)

3. Diagonalization (Jacobi). This is an iterative method to solve EPEC which is easy to implement
and therefore, it is commonly used by engineers. The steps are the following:

Step 1) Initialize x
(0)
k , choose a maximum number of iterations J and a tolerance ϵ. Set j ← 0.

Step 2) Update j ← j + 1. Solve one MPEC for each player k fixing the decisions of the other
players x(j)

−k to the values obtained in the previous iteration x
(j−1)
−k to obtain the value x

(j)
k ,

i.e., x(j)
−k =

(
x
(j−1)
1 , . . . , x

(j−1)
k−1 , x

(j−1)
k+1 , . . . , x

(j−1)
n

)
.

Step 3) If j > J stops, otherwise go to Step 4.

Step 4) Let x(j) = (x
(j)
1 , x

(j)
2 , . . . , x

(j)
n ). If ||x(j) − x(j−1)|| ≤ ϵ stops. Otherwise go to Step 2.

This method is illustrated in the figure below considering 3 leaders

MPEC 2

MPEC 1

MPEC 3

(
x
(j−1)
1 , x

(j−1)
2 , x

(j−1)
3

)

(
x
(j−1)
2 , x

(j−1)
3

)

(
x
(j−1)
1 , x

(j−1)
3

)

(
x
(j−1)
1 , x

(j−1)
2

)

x
(j)
1

x
(j)
2

x
(j)
3

4. Diagonalization (Gauss-Seidel). This is another iterative method to solve EPEC that runs as
follows:

Step 1) Initialize x
(0)
k , choose a maximum number of iterations J and a tolerance ϵ. Set j ← 0.

Step 2) Update j ← j + 1. Solve one MPEC for each player k fixing the decisions of the other
players as follows x

(j)
−k =

(
x
(j)
1 , . . . , x

(j)
k−1, x

(j−1)
k+1 , . . . , x

(j−1)
n

)
.

Step 3) If j > J stops, otherwise go to Step 4.

Step 4) Let x(j) = (x
(j)
1 , x

(j)
2 , . . . , x

(j)
n ). If ||x(j) − x(j−1)|| ≤ ϵ stops. Otherwise go to Step 2.

This method is illustrated in the figure below considering 3 leaders

MPEC 2

MPEC 1

MPEC 3

(
x
(j−1)
1 , x

(j−1)
2 , x

(j−1)
3

)

(
x
(j−1)
2 , x

(j−1)
3

)

(
x
(j)
1 , x

(j−1)
3

)

(
x
(j)
1 , x

(j)
2

)

x
(j)
1

x
(j)
2

x
(j)
3
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 Example 6-2: Discussing the complementarity reformulation of the EPEC

Let us assume that we are solving an EPEC that has a solution, that is, there exists a set of decisions
for the leaders so that none of them has an incentive to deviate. Let us assume that we solve the
complementarity problem corresponding to method 1 and obtain all possible points that satisfy all
KKT conditions simultaneously. Are all these points equilibrium points? Can I guarantee that the
solution is one of these points? Justify your answer.

 Example 6-3: Discussing the sequential non-linear complementarity reformulation
of the EPEC
Let us assume that we are solving an EPEC that has a solution, that is, there exists a set of decisions
for the leaders so that none of them has an incentive to deviate. Let us assume that we solve the
sequence of complementarity problems corresponding to method 2 and obtain all possible points that
satisfy all KKT conditions simultaneously for t→ 0. Are all these points equilibrium points? Can I
guarantee that the solution is one of these points? Justify your answer.

 Example 6-4: Discussing the diagonalization methods of the EPEC

Let us assume that we are solving an EPEC that has a solution, that is, there exists a set of decisions
for the leaders so that none of them has an incentive to deviate. Let us also assume that we can
adjust the values of the large constants M so that we are sure that we can find the global optimal
solution for each MPEC. Let us also say that we can find a set of points for which any of the two
diagonalization procedures converge. Are all these points equilibrium points? Can I guarantee that
the solution is one of these points? Justify your answer.
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 Example 6-5: Closed-loop generation expansion (complementarity formulation)

In Example 5-11 we formulated a bilevel problem to determine the optimal capacity xg of one power
producer anticipating the results of the market clearing. However, other power producers may also
increase the capacity of their units. First, formulate the MPEC problem solved by each power pro-
ducer that anticipates the market equilibrium, and then the resulting EPEC using method 1. In
order to make the notation easier I recommend to use two different indexes for the power producers.
Index k refers to the players deciding the investment (leaders), while index g refers to the players
making production decisions. Note that k = 1, . . . , n and g = 1, . . . , n, which n being the total
number of power producers. Use the same assumptions as in Example 5-11 (perfect competition, lin-
ear investment and production cost functions, linear inverse demand function, minimum production
levels equal to 0).
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 Example 6-6: Closed-loop generation expansion (sequential complementarity)

Take the EPEC formulated in Example 6-5 and reformulate it using regularization for each MPEC.
Explain the procedure to solve it as a sequence of complementarity problem and its advantages.
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 Example 6-7: Closed-loop generation expansion (diagonalization)

Take the EPEC formulated in Example 6-5 and reformulate it using the Fortuny-Amat reformulation
of each MPEC. Explain the procedure to solve it as a sequence of complementarity problem and its
advantages. You can choose either the Jacobi or the Gauss-Seidel approach.
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 Example 6-8: Comparison of open- and closed-loop generation expansion (GenEx-
panClosedLoop.gms)

In Example 4-13 we formulated a generation expansion equilibrium problem assuming that capac-
ity and production decisions are made simultaneously. We formulated that as a complementarity
problem. The name for this problem is open-loop generation expansion equilibrium. After that, in
Example 5-11, we proved that the sequence of decisions can actually affect the optimal decisions in
generation expansion. In this example you have to compute the generation expansion equilibrium
taking into account the sequence of capacity and production decisions. To do so, you have to for-
mulate the equilibrium as an EPEC and solve it using one of the methods previously discussed. My
recommendation is to implement the Jacobi diagonalization method. Use βt = 1 and αt varying
throughout time as follows

t t1 t2 t3 t4 t5 t6 t7 t8 t9 t10

αt 10 20 30 40 50 60 70 80 90 100

You have to find the equilibrium for two asymmetric players as you did in Example ??-13 with the
following investment and production cost functions

CIg1(xg1) = 100xg1 CPg1(xg1t) = 10xg1t CIg2(xg2) = 50xg2 CPg2(xg2t) = 20xg2t

and also considering two symmetric players with the same investment and production cost functions

CIg1(xg1) = 100xg1 CPg1(xg1t) = 10xg1t CIg2(xg2) = 100xg2 CPg2(xg2t) = 10xg2t

Fill in the table to compare open-loop and closed-loop results for both perfect competition and
Cournot competition and comment on the obtained results.

Model Competition Players x∗
g1

x∗
g2

profitg1 profitg2 SW

Open-loop Perfect Symmetric 25.0 25.0 0 0 7750.0

Closed-loop Perfect Symmetric 16.1 16.1 1557.3 1557.3 6929.6

Open-loop Cournot Symmetric 16.7 16.7 1722.2 1722.2 6888.9

Closed-loop Cournot Symmetric 16.7 16.7 1722.2 1722.2 6888.9

Open-loop Perfect Asymmetric 40.0 13.3 0 0 7816.7

Closed-loop Perfect Asymmetric 17.4 16.3 1810.0 1331.0 6828.4

Open-loop Cournot Asymmetric 16.7 18.3 1969.4 1477.8 6715.3

Closed-loop Cournot Asymmetric 19.2 17.1 2059.8 1272.4 6818.0
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 Comparison of open- and closed-loop generation expansion (II)

©salvapineda 6-15


